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V E L O C I T Y  A N D  F R I C T I O N  S T R E S S  

D I S T R I B U T I O N S  I N  T H E  T U R B U L E N T  

B O U N D A R Y  L A Y E R  ON A P O R O U S  P L A T E  

A.  D. R e k i n  UDC 532.517.4 

The turbulent  v i scos i ty  above a p e r m e a b l e  plate is de te rmined  by using the magnitude of the 
m a x i m u m  turbulent  f r ic t ion in the boundary layer .  Simple dependences a r e  obtained for the 
veloci ty  and f r ic t ion s t r e s s  distr ibution.  

Theore t i ca l  invest igat ions of the turbulent  boundary layer  on a porous  wall ,  whose r e su l t s  a r e  sui table  
for engineer ing uti l izat ion,  a r e  based ,  as a ru le ,  on a two- l aye r  flow scheme .  The Newton fo rmula  is used for 
the f r ic t ion s t r e s s  in t h e l a m i n a r  sublayer  where  v iscous  flow p redomina tes ,  while the prandt l  (or K~trm~a~) 
fo rmula  is applied in the turbulent  core  by using the c h a r a c t e r i s t i c  mixing path length augmented by the dis-  
tance  f r o m  the wall.  The fr ic t ion s t r e s s  f l istr ibution in the boundary layer  is s imul taneous ly  taken as ~- =T w + 
pwVw u [1-4], accord ing  to which ~- i nc reases  monotonical ly  over  the bounda ry - l aye r  th ickness  during blowing. 
The ment ioned hypotheses ,  which a r e  used in theore t i ca l  methods ,  we re  subjected to c r i t i c i s m  in exper imenta l  
studies [5-7]. It is shown that  the magnitude of the f r ic t ion s t r e s s  during blowing f r o m  the wa l lhas  a m a x i m u m  
within the boundary l ayer  (for ~ ~ 0.65) but the mixing path length inc reases  with dis tance f r o m  the wall  only 
nea r  it. 

A dependence for  the turbulent  v i scos i ty  over  a p e r m e a b l e  plate  is p roposed  in this paper ,  which ag ree s  
with r ecen t  expe r imen ta l  r e s u l t s  and thus pe rmi t s  l a t e r  invest igat ion of the boundary layer  in the p r e sen ce  of 
phys icochemica l  p r o c e s s e s .  Let us f i r s t  der ive  an integral  re la t ion  for the momen tum in a f o r m  convenient 
for subsequent  solution of the p rob lem.  In tegra t ing the motion and continuity equations for the boundary layer  
on a plate between the l imi t s  0 and j~ along the no rma l  coordinate ,  we obtain 

y g 

( j )  0 0 pudy - -  p~,v w -  pv. (1) Ox pu2dy = ~ -  ~ ' - -  pvu, --Ox-- 
0 0 

F r o m  the condition that the fr ict ion s t r e s s  is ze ro  on the outer  bounda ry - l aye r  l imi t ,  t he re  follows f r o m  (1) 

6 

u2 d f ,ou(1--u) d y = ~ ( 1  --B), (2) 
d x  . 

0 
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u o x .  pudv aT. 
I + B u - -  (i + B) 8 o , (3) 

Tw 0 Ox .f pudv-- O-~- ., pu'dy 
0 0 

where  B =pwVwUoo/~w is the blowing or  suction p a r a m e t e r .  It is shown in t e s t s  [8-10] that  the ve loc i typ ro f i l e s  
in the turbulent  par t  of a boundary  l ayer  with a mode ra t e  blowing intensi ty can be approx imated  by a power -  
law dependence of the f o r m  

y 5 

"U~--- [(~ -~ dy )/(f,  ~-~-dY)] or u'~-~-yl/n(for p=const) (4) 

o o 

with exponent n which d e c r e a s e s  with the inc rease  in blowing. Henceforth,  let us consider  the p rob lem with 
just  an identical  r e l a t ive  veloci ty  prof i le  along the plate  length in(x) =const] ,  which is r ea l i zed  for  B(x) =const .  
Evaluat ing the in tegra ls  in (3) by using '(4) over  the whole bounda ry - l aye r  th ickness  for  this c a se ,  we obtain a 
s imp le  dependence for  the fr ic t ion s t r e s s  distr ibution:  

x l ' r  w = I + Bu- - ( l  + B ) Y u  z, (5) 

in which the assumpt ion  about the power - law na ture  of the veloci ty  dis tr ibut ion does not enter  explici t ly [the 
deviation of the veloci ty  dis tr ibut ion f r o m  a power law in a viscous  sublayer  influences the quantity ~/-r  w 
sl ightly s ince the las t  m e m b e r  in (5) becom es  c o m m e n s u r a t e  with the r e s t  only for  ~ > 0.6]. R is seen  f r o m  
(5) that  the fr ic t ion s t r e s s  has a m a x i m u m  within the boundary layer  for  gas injection (13 > 0). In the absence  
of injection 03 -- 0) or  during bounda ry - l aye r  suction (]3 < 0), this  m a x i m u m  is on the wall .  

Let us take  the connection between the veloci ty  and f r ic t ion  s t r e s s  as  

(1~ + pc) du/dy = "c. (6) 

To solve (5) and (6) it is n e c e s s a r y  to give the turbulent  v i scos i ty  s as  a function of y and u. We d e t e r -  
mine the f o r m  of this  function f r o m  exper imenta l  r e su l t s  for an incompress ib l e  flow along an impe rmeab le  
plate.  In this case ,  the veloci ty  prof i le  in the boundary l ayer  (including the v iscous  sublayer)  is o rd inar i ly  
r e p r e s e n t e d  in the d imens ion less  f o r m  

u l V ~ J p  = f (~), ~ = V ~wlp vl'~. CO 

We obtain the following express ion  for  s over  an i m p e r m e a b l e  plate in a joint ana lys i s  of (5)-(7): 

1 ~ ely = (1 - -  ~u2)/(df/d~]). (8) 

The main  assumpt ion  of the subsequent  analys is  is that the f o r m  of the dependence (8) and the function 
f (7) r e m a i n s  unchanged even in the cases  of bounda ry - l aye r  injection or  suction; we just  unders tand the quan- 
t i ty 77 to be 

y 

"q,~ = V-~.I (]l~t~)dy or q = ll%JpV/v(for p, I~ : const), (9) 
0 

where  r m is the m a x i m u m  value of the turbulent  f r ic t ion s t r e s s  in the boundary layer .  The compres s ib i l i t y  of 
the gas was success fu l ly  taken into account in [11] by using the dependences (8) and (9) for  supersonic  flow 
along an i m p e r m e a b l e  plate.  We p r e s e n t  ce r t a in  a rguments  below in favor  of the assumpt ion  made for an in- 
c o m p r e s s i b l e  fluid flow around a p e r m e a b l e  wall.  

The exper imenta l  r e s u l t s  p resen ted  in [6] for  ely near  the wall  as a dependence on ~ with different in- 
jection or  suction p a r a m e t e r s  a r e  p resen ted  in Fig. 1 as  a dependence on ~?m (to conver t  the coordinate  T1 into 
~?m, the value of T m / ~  w was taken for injection d i rec t ly  f r o m  the t es t  r e s u l t s  [6], equal to one for B =0, and 
calculated for suction by means  of the fo rmula  (21) der ived ea r l i e r  for  the conditions of the exper iment) .  The 
introduction of the coordinate  ~lm pe rmi t t ed  genera l iza t ion  of all  the expe r imen ta l  r e su l t s  by a single depen- 
dence in p rac t ice .  The sol id line co r r e sponds  to the r e su l t s  of a computat ion using (8) for f 01) given as  the 
dependence p roposed  in [11]: 

[ (0) = n [I + (a~l) k ](~ .... )/(,u~) , (I0) 
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which approx ima tes  the expe r imen ta l  r e s u l t s  in u and e for an impe rmeab le  plate ,  where  n0=7 , k=3 ,  and a = 
0.0814 a r e  expe r imen ta l  constants  for  the Reynolds numbers  5. 105-107. 

The introduction of the quantity T m  as c h a r a c t e r i s t i c  pe rmi t t ed  the r ep re sen t a t i on  of exper imenta l  r e -  
sul ts  on the turbulent  v i scos i ty  in the outer  par t  of a boundary l ayer  with and without injection in [12] as a 
s ingle dependence of e/I/T~0/,o5 on F w i t h  a m a x i m u m  at :7 =0.4. According to (8) and (9), the dependence of 
e/(~/-T-~6)l--~/n~176 ~ close  to that found in [12] is obtained for  an incompress ib l e  flow. For  a c o m p r e s s i b l e  
flow over  a p e r m e a b l e  wall ,  the dependence (8) is s t i l l  a hypothesis  not ve r i f i ed  by exper iment .  Hence, we 
examine  only i ncompres s ib l e  flow in this paper .  

Let us wr i te  (6) a f te r  having subst i tuted (5) and (8): 

_1 - - J - u  2 " du____ T,~6 (1 -FBu l_:-~u~ (1 __~z). (11) 
df/d~] m dy .uu~ 1 - -  b,u ~ ] 

After  dividing out the function 1-Vff  2, which is in the coeff icient  of the der iva t ive  d u / d y  in the left  s ide of the 
equation, a function r e m a i n s  which inc reases  over  the bounda ry - l aye r  th ickness .  A function c lose  to 1 +Bfi, 
which a lso  inc reases  monotonical ly  over  the bounda ry - l aye r  th ickness  with injection, s imul taneous ly  r e m a i n s  
in the r ight  side of the equation. This  means  that the a s sumpt ions ,  used extensively  in theore t ica l  ana lyses ,  
about the fr ic t ion s t r e s s  dis t r ibut ion in the f o r m  ~ / T w  =1 +Bfi and about the monotonic inc rease  in the mixing 
path length over  the l ayer  th ickness  a r e  comple te ly  just i f ied,  although the re  a r e  no additional t e r m s  in (11). 
However ,  when wr i t ing  an analogous equation for the heat  flux in the p r e sence  of rad ia t ive  heat  t r a n s p o r t  in the 
boundary l aye r ,  t he re  should be an additional t e r m ,  not dependent on the r e s t ,  in its r ight  s ide,  and dividing 
both s ides  of the equation by (1 _~fi2) is not leg i t imate  in this case .  

To obtain the solution of (11) in analyt ic  fo rm,  let  us a s s u m e  the express ion  ( 1 - ~ ) / ( 1 - 9 ~  2) to be  app rox -  
imate ly  one. A significant deviation of this f rac t ion  f r o m  one is obtained nea r  the outer  bounda ry - l aye r  l imit ,  
but the m a x i m u m  of this deviation r eaches  only 0.5 as B-- .oo Taking account of the s impl i f ica t ion made ,  (11) 
becomes  

1 _  �9 d ~  _ ~w8 ( lq-Bu),  (12) 
d[/dn~ d~ pu~ 

whose solution under s tandard  boundary conditions will  be 

in (1 + B~)/ln (1 + B) ---- [ (n,~)/[ (n~) .  (13) 

For  B < 50 this solution does not differ  in p rac t i ce  f r o m  the numer i ca l  solution of (11). If the domain of values 
of ~?m is outside the l imi ts  of the v iscous  sublayer  (f =CVlm/n0), then the solution (13) s impl i f i es ,  i .e . ,  

In (I ~ Bu)/In (I --', B) =}'/~~ (14) 

=-,.~ ! 

Z , ~ i - -  

J 
o oo 80 

o m . _  . f  

�9 - -  2 

• _ _  .~, 

- - 7  

Fig. 1. Distr ibut ion of turbulent  
v i scos i ty  nea r  a wall  accord ing  to 
the r e s u l t s  in [6]: 1) pwVw/pooUoo= 
0; 2) 0.0019; 3) 0.0038; 4) 0.0078; 
5) 0.0011; 6) 0.0024; 7) computa -  
t ion using (8) and (10). 
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Fig. 2. Velocity (a) and fr ict ion s t ress  (b) distributions in a 
turbulent boundary layer  on a porous plate: 1) resu l t s  f rom 
[6] for B(x)=const;  2) [6] for pwVw =const;  3) [13]; 4) [5]; 
5) F r a s e r  resu l t s  [5]; 6) computation using (13) and (15); 
7) computation using (4), (5) and (16). 
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Fig. 3. Relative change in friction s t ress  
and in boundary- layer  thickness on a porous 
plate: 1) resu l t s  in [14] for B(x)=const;  
2) [14] for pwVw(X)=const; 3) [13]; 4) [15]; 
5) Kendall resul t s  [17]; 6) [17]; 7) [16]; 
8) [7]; 9) computation using (17); 10) com- 
putation using (22). 

Let us substitute this expression into (5) and let us extend it to the whole range of variation of y to zero,  
since the last  member  in (5) s ta r t s  to play an essent ia l  part  only for ~ > 0.6 where (14) is valid. Consequently, 
we obtain 

Tlx~, = 1 + B u - - ( 1  + B) u ~ [ln (1 + B ~ l l n  (1 + B)] n~ (15) 

In order  to es t imate  the tolerance of the power-law approximation of the velocity profile according to (4), 
let us f i rs t  find the exponent n by s tar t ing f rom the condition that the gas discharges in the boundary layer  are  
equal: 

l 1 

G, = ~ udy= S y'/~ d;= nl(n + I), 
0 0 

1 I I . 

Gz = S udy = (I/B) S [(I + B)7 ' : " 0 -  1]dy = (no/B) J" ~l - , /n~ (1 + B)u ' /n~ (-y, /no)_ 1lB. 
0 0 0 
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When in teg ra t ing  the  l a s t  i n t eg ra l  by  p a r t s ,  we  a s s u m e  the  funct ion '~  l / n ~  to be  a p p r o x i m a t e l y  cons tant  in one 
of  the two in tegrands  and equal  to its m e a n  value  with the weight  1, i .e . ,  n o / ( n  o +1). As a r e s u l t  of such  an 
in tegra t ion  under  the  condi t ion G 1 =G 2 we  obtain the s imp le  f o r m u l a  

, ,10> 
n =  ln(1 + B )  - l ~ B  

The d i f fe rence  in the va lues  of  n d e t e r m i n e d  as a r e s u l t  of  exact  in tegra t ion  of  G 2 and a c c o r d i n g  to (16) is not 
m o r e  than 20% for  t3 < 1000. It is seen f r o m  (16) that  the value of  n equals  n o for  B = 0, d imin ishes  with the 
i n c r e a s e  in blowing,  and g rows  with the i n c r e a s e  in the  suc t ion  ve loc i ty  (until the  v i scous  sub laye r  occupies  a 
sma l l  pa r t  in the to ta l  tu rbu len t  l ayer ) .  

Resu l t s  of  comput ing  the ve loc i ty  p ro f i l e s  by m e a n s  of  (13) (solid l ines) and by the  app rox ima te  f o r m u l a s  
(4) and (16) (dashed l ines)  for  d i f ferent  p a r a m e t e r s  B (the value of  n o is taken equal to 7 h e r e  and hence fo r th  in 
the computa t ions)  a r e  p r e s e n t e d  in Fig.  2a. Resu l t s  a r e  h e r e  p r e s e n t e d  of t e s t s  1 0 3 = - 0 . 7 8 ;  0; 3.88; 11.7 [6]) 
for  B(x) = c o n s t ; 2  (B=4  and 55 [6]); and 3 (B=0 ,  11 and 55 [13]) for  a cons tan t  inject ion ve loc i ty  [because of  
the absence  of t e s t s  for  high va lues  of B(x) =cons t ;  in this  c a s e  the p a r a m e t e r  B(x), which i n c r e a s e s  s l ight ly  
a long the length of  the  p la te ,  was  ca lcu la ted  by means  of  loca l  p a r a m e t e r s  in the  sec t ion  under  cons ide ra t ion] .  
Only those  t e s t  r e s u l t s  a r e  h e r e  p r e s e n t e d  w h e r e  the inf luence of the init ial  i m p e r m e a b l e  sec t ion  is negl igible .  
As  is seen  f r o m  Fig.  2a,  the r e s u l t s  of a computa t ion  us ing  (13) and (4) a g r e e  s a t i s f a c t o r i l y  with each o the r ,  as  
well  a s  with the t e s t  r e s u l t s .  A s igni f icant  d i s c r e p a n c y  be tween the r e s u l t s  of  comput ing  the boundary  l aye r  
nea r  the wal l  with suc t ion  by means  of  the a pp rox ima te  f o r m u l a  (4) and the m o r e  exac t  f o r m u l a  (13) can  be 
explained by the s igni f icant  th ickness  of  the v i scous  s u b l a y e r ,  which  was  r e a l i z e d  in t e s t s  [6] with low Re n u m -  
b e r s  and is taken into account  in (13). 

P r e s e n t e d  in Fig.  2b a r e  r e s u l t s  of  comput ing  the f r i c t ion  s t r e s s  in the  boundary  l aye r  by means  of  (15) 
and the ana logous  Simpson t e s t  r e s u l t s  for  B = 1 . 7 8  and 11.7 [6], Muzzy for  B = 0 . 5 ,  10, and 20 [5], and F r a s e r  
and Mickley for  B = 0 . 8  and 3.27 [5]. The good a g r e e m e n t  between the expe r imen ta l  and computed  r e s u l t s  
should  be noted. Resu l t s  of  comput ing  the f r i c t ion  s t r e s s  by means  of  (5) by us ing the p o w e r - l a w  (4) for  ~ a r e  
p r e s e n t e d  h e r e  for  B = 1 0  and 20 (dashed lines).  As is seen ,  the law (4) p e r m i t s  a good approx ima t ion  of  (15). 
An e x p r e s s i o n  for  the r e l a t i v e  change  in f r i c t ion  s t r e s s  on a p e r m e a b l e  wal l  can be obtained f r o m  the solut ion 
(12) in the f o r m  

~ I ~ o  = [In (i .4- B)IB]  2n~176 (~mf~.)  (n"-~)l(~~ (6o16) 2tc~"~-1). (17) 

The de t e rmina t ion  of  the quant i ty  ( T m / r  w) in (17) expl ic i t ly  f r o m  the dependence  (15) is difficult  because  
it is t r an scenden t a l .  This  diff icul ty can be o v e r c o m e  by us ing the dependence (5) and the p o w e r - l a w  function 
(4) for  g with an exponent  n d e t e r m i n e d  by (16) and by knowing that  the value of r m is r e a l i z e d  for  -u > 0,6. In 
th is  c a s e ,  we w r i t e  the e x p r e s s i o n  for  the turbulent  f r i c t ion  s t r e s s  as  

%/'r.~= 1 -[-- B u  - -  (l ~- B) u n+2 - -  ~tu~/(Sn'%~u'~-l). (18) 

The las t  m e m b e r  in (18), c o r r e s p o n d i n g  to m o l e c u l a r  f r i c t ion ,  can be neg lec t ed  dur ing inject ion 03 > 1, 
-fi > 0.6) as  c o m p a r e d  to the r e s t .  We then  obtain  f r o m  the  condi t ion d r t / d u = 0  

- ( B 1 ) '(n+2) 'r m u~== . , - - -1-~-Bff  m n ~ l  (19) 
I - - - B  n - I - 2  -c~ n ~ 2  ' 

w h e r e  ~m is the r e l a t i v e  ve loc i ty  at which the m a x i m u m  f r ic t ion  is r e a l i z e d .  Fo r  an i m p e r m e a b l e  wal l  (B = 0), 
we obtain f r o m  (18) 

~,~ = [ gu~ (no-- 1) 1,/(-~,,o+ ~ ) , -,:~ _ 1 __U~mO+2__ ,UU~_,,o_~ (20) 
(3o'c~,on o (n o -~- 2) "c~ o 8o'C~onoU., 

A c c o r d i n g  to the computa t ions  for  Re 8 > 104, the las t  two m e m b e r s  in (20) a r e  srrmll c o m p a r e d  to one. Hence,  
for  an i m p e r m e a b l e  wal l  the cho ice  between the m a x i m u m  turbulen t  f r i c t ion  s t r e s s  and the f r ic t ion  s t r e s s  on a 
wal l  is equivalent .  

Fo r  suf f ic ien t ly  in tens ive  b o u n d a r y - l a y e r  suc t ion  f r o m  the wal l  (]3 < -0 .5 , - f i  < 0.9), the th i rd  m e m b e r  in 
(18) can be neg lec ted  in c o m p a r i s o n  with the r e s t .  We consequen t ly  obtain 

u m = [--: (n - -  1) ,a/(np~v~,5)] l'" , %]'r~o ~ 1 ~- Bu~r~n/(n - -  1). (21) 

As computa t ions  us ing  (19)-(21) have shown,  the value of Um is within the l imi t s  of  0 .6-0.75 as  B v a r i e s  b e -  
tween  1000 and - 0 . 8 .  
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The re la t ive  change in boundary- layer  thickness as a resu l t  of injection or  suction, which en ters  into 
(17), can be de termined in t e r m s  of the change in thickness of the loss of momentum (2). When using the 
power- law (4) for the veloci ty and in the absence of an initial impermeable  sect ion,  we obtain f rom (2) 

6 = [ ' r ~ , ( l + B ) ]  (n+l)(n+2)/n  (22) 
6 o "r,~o (n o + 1) (n o + 2)/n o 

Resul ts  of computing the re la t ive  change in fr ict ion s t r e s s  on a permeable  wall by means of (17), (19), 
(21), and (22) as a function of the pa rame te r  B 0 =B(Tw/~w0) (solid line) and the corresponding resu l t s  of dif- 
ferent  tes t s  a re  r ep re sen t ed  in Fig. 3. As is seen,  the computational dependence descr ibes  the exper imental  
r e su l t s  p resen ted  in Fig. 3 sa t is factor i ly .  Also presented  in Fig. 3 is a compar i son  between the resu l t s  of 
computing the re la t ive  change in boundary- layer  th ickness  with gas injection and suction f rom the wall  by 
means of  (22) and the corresponding tes t  r e su l t s  of Simpson [6] and Mickley [13]. The resu l t s  r ep re sen t ed  a re  
in sa t i s fac tory  agreement .  

NOTATION 

x, y,  u, v, coordinates  and mean gas veloci ty components along and ac ros s  the plate,  respec t ive ly ;  p ,  p ,  
v and ~ density,  v iscos i ty ,  and molecular  and turbulent  kinematic v iscos i t ies  of the gas; 5 ,  boandary- layer  
thickness;  $ ,  thickness of the loss of momentum; ~ = y / 5 ,  ~ =u/uoo, re la t ive  coordinate  and velocity;  v ,  f r i c -  
t ion s t r e s s ;  ~m, urn, maximum value of the turbulent  f r ic t ion s t r e s s  and veloci ty  at which it is rea l ized ;  
B=pwVwUoo/~'w, B 0 =pwVwU~/~rwo , blowing or  injection p a r am e te r s ;  ~l = F~/p,~, yv, ~m V i,7/py/~, dimensionless  
distances f r om the wall; n, exponent. Indices: o% outside the boundary layer ;  5 ,  on the botmdary- layer  limit;  
w, on the wall; 0, in the absence of blowing or  suction. 
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